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GEOMETRIC APPROACH TO PARABOLIC INDUCTION 

DAVID KAZHDAN AND YAKOV VARSHAVSKY 


Abstract. In this note we construct a “restriction” map from the cocenter of a 
reductive group G over a local non-archimedean field F to the cocenter of a Levi 
subgroup. We show that the dual map corresponds to parabolic induction and 
deduce that parabolic induction preserves stability. We also give a new (purely 
geometric) proof that the character of normalized parabolic induction does not 
depend on the parabolic subgroup. In the appendix, we use a similar argument 
to extend a theorem of Lusztig-Spaltenstein on induced unipotent classes to all 
infinite fields. 
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Introduction 

Let G be a linear algebraic group over a local non-archimedean held E, and 
let G = G(E). We denote by 'H(G) the space of smooth measures with compact 
support on G, by 'H{G)g the space of the coinvariants of 'H(G) with respect to the 
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adjoint action of G, and let G‘^(G) := Honic(^(G)G, C) be the space of invariant 
generalized functions on G. To every admissible representation tt of G, one can 
associate its character Xn ^ G‘^(G). 

Now assume that G is connected reductive, P C G a parabolic subgroup, M C P 
a Levi subgroup, and U C P the unipotent radical. For every admissible represen¬ 
tation p of M = M(F) we denote by tt = i^^uip) fh® admissible representation of 
G obtained by the normalized parabolic induction of p. 

In this work we construct a continuous map ip.^ : C^{M) C^{G), satisfying 

*p-m(Xp) = Xn for every p as above. Namely, we construct a “restriction” map 
r^-M • '^{G)g —t and define ip.j^ to be the linear dual of rp.^. 

Then we show that ip.j^ does not depend on P D M. From this we conclude that 
for each p as above, the set of composition factors of rloes not depend on P. 

This eives a geometric oroof of (BDKl Lem 5.4 (iii)] 111- 

Finally, we show that i'p-m preserves stability. This implies that parabolic induc¬ 
tion of a stable representation is stable. This result is considered to be well-known 
by specialists, but does not seem to appear in a written form. 

In the hrst appendix, we study a related question, motivated by the work of 
Lusztig-Spaltenstein lEa. 

Let G and P, M and U be as above, but over an arbitrary inhnite held F. 
To every unipotent conjugacy class C G M we associate an Ad G-invariant subset 
Cp-G := Ug^G9iC-U)g-^ C G. Then Cp ■G is a union of unipotent conjugacy classes 
in G. A natural question is to what extent the set Gp;g depends on P D M. 

In their work, Lusztig and Spaltenstein |LS] showed, using representation theory, 
that the Zariski closure of Cp-g does not depend on P. A simpler proof of this fact 
was given later by Lusztig [Lul Lem 10.3(a)]. This result can be thought of as the 
assertion that Cp.^G is “essentially” independent of P, if F is algebraically closed. 

We extend this result to an arbitrary F. Namely, for every algebraic variety X 
over F and a subset A G X = X(F) we dehne a “saturation” sat (A) C X. The 
main result of the appendix asserts that the saturation sat(Gp;G') C G does not 
depend on P. 

Since every Zariski closed subset is saturated, our result is an extension of the 
theorem of Lusztig-Spaltenstein. Similarly, when F is a local held, our result implies 
that the closure of Cp-g in the analytic topology does not depend on P. 


^It was shown in [Kai Thm B] that the span of characters of smooth irreducible representations of 
G is dense in C^{G). Therefore the independence assertion for follows from the corresponding 
result for characters f|BDKl Lem 5.4 (iii)])- 
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The result of the appendix indicates that the independence from P of normalized 
parabolic induction has a purely algebraic flavour. We also believe that the notion 
of saturation is interesting in its own right and deserves to be studied. 

In the second appendix we give a proof of a group version of a theorem of Harish- 
Chandra, asserting that in characteristic zero the span of regular semisimple orbital 
integrals is dense in C^{G). Though this very important result is considered to be 
well-known among specialists, only its Lie algebra analog BO Thm 3.1] seems to 
appear in the literature. In particular, this hlls a small gap in the argument of |Kal 
Thm Bj. 

Our paper is organized as follows. In Section 1 we describe general properties 
of reductive groups and so-called generalized Grothendieck-Springer resolutions. In 
Section 2 we study non-vanishing top degree differential forms, which are basic tools 
for this work. Note that in these two sections the ground held F is arbitrary, while 
starting from Section 3 the held F is local non-archimedean. 

In Section 3 we introduce smooth measures with compact support and carry out 
our construction of the restriction rp,^ and the induction ^p.^. In Section 4 we 
show that the induction map sends a character of a representation to a character 
of the induced representation. Then, in Section 5 we construct another restriction 
map dehned for a connected equal rank subgroup H of G, and show that is 
compatible with rp.^. Finally, in Section 6 we deduce from the results of Section 5 
that the normalized parabolic induction is independent of P and preserves stability. 

Notice that in Sections 1-5, we work with non-normalized induction, which has 
a purely geometric interpretation, while we pass to normalized induction only in 
Section 6. 

We thank Yuval Flicker and the referee for a number of helpful suggestions and 
corrections. 


1. Preliminaries on algebraic groups 

1.1. The Chevalley map. (a) Let G be a linear algebraic group over a held F, 
let cg := SpecF[G]‘^ be the Chevalley space of G, and let pg : G —)■ cg be the 
morphism dual to the inclusion ^[G]*^ ^ 

(b) A homomorphism of linear algebraic groups H —)■ G induces a morphism 
7rH,G : ch —t Cg of the Chevalley spaces, making the following diagram commutative 

H -)■ Ch 

^H,G 
I^G 


G 


> Cg- 
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(c) Let G be connected reductive and split, T C G a maximal split torus, and 
Wg = Wg,t the Weyl group of G. Then the restriction i^gIt : T —> Cq is surjective 
and induces an isomorphism hhG\T ^ Cg (see [Stl Cor 6.4]). 

1.2. Notation. Let G be as in ll.ll and let H C G be a closed subgroup. 

(a) Let Ag : G — )■ Gm be the homomorphism g i—)■ det Ad g and let Ah,g ^ 
F[H]^ = ^[ch] be the AdH-invariant function h i—>• det(Adh“^ — 1, Lie G/ LieH). 

(b) Let C H (resp. C ch) be the open subscheme dehned by the 

condition Ah,g 0. By construction, 

(c) Let K C H be a closed subgroup. Then Ak,g = Ak,h ■ (Ah,g|k), thus 

J^reg/G _ J^reg/H p jjreg/G_ 

1.3. Remark. Notice that subset C H should not be confused with a more 

standard subset := H n G’’®§ C H. 


1.4. The generalized Grothendieck—Springer resolution. 

(a) Let H fsee ll.2p act on an algebraic variety X over F. We denote by Ind§(X) : = 

H „ 

G X X the quotient of G x X by H, acting by h{g, x) := {gh h{x)). Then IndH(X) 
is equipped with an action of G, given by g'{\g, h]) = [g'g^ h]. 

(b) Assume that H acts on itself by conjugation, and set Gh ;= lHd§(H). Ex- 

~ H,Ad 

plicitly, Gh = G x H, where Ad indicates the adjoint action. 

(c) We have a natural closed embedding (prQ/H,aH,G) : Gh (G/H) x G, 

dehned by [g,h] {\g\,ghg~^), whose image consists of all pairs ([(?],x) such that 

for every representative g & G of [g] we have x E Hg := gHg~^. In particular, 
the projection prQ/H • Gh —> G/H is smooth, and for every [^f] G G/H, the map 
flH,G : Gh —>■ G identihes the hber prG/H([5']) "wifh H^. 

1.5. Simple properties, (a) Every Ad H-invariant morphism / : H —)■ X gives 
rise to an Ad G-equivariant morphism Gh X : [g, h] f{h). In particular. 
Ah gives rise to a morphism Ag^ : Gh Gm, and Ah,g gives rise to a function 
Agh : Gh ^ Ah 

(b) By (a), the morphism z/h : H —)■ Ch gives rise to a morphism : Gh —t Ch. 

Moreover, bv ll.lf b). we have a commutative diagram 


G h , 

H -1 Ch 


“H,G 


’I'H.G 


I^G 


G 


> Cg, 
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which induces a morphism Gh —^ G Xcq ch- 

(c) Set Gh® := C Gh- Explicitly, Gh® = By dehni- 

tion, the morphism of (b) induces a morphism ^h.g ^ G^® —t G Xc^ Ch®^*^- 

(d) Let K C H be a closed subgroup. Then the morphism aK,H : Hk —?■ H 
induces a morphism Gk = Ind§(HK) ^ Indg(H) = Gh, which we again denote 
by aK,H- Note that the composition aH,G ook.h : Gk —t Gh —)■ G is equal to aK,G- 
Bv ll.2lf c). aK,H induces a morphism G^® —t G^®- 

(e) We also set 5^®^^ := C Hr- 

I. 6. The equal rank case, (a) Let G be connected reductive, and let H C G be 
a connected equal rank subgroup, by which we mean that a maximal torus T C H 
is a maximal torus of G. Let U = Uh C H be the unipotent radical of H, and fix 
a maximal torus T C H, dehned over F. 

(b) Assume that T is split. Then, by dehnition, an element t E T belongs to 
if and only if a{t) ^ 0 for every root a G *h(G, T) \ ^(H, T). Equivalently, 
this happens if and only if the connected stabilizer ZG(t)° equals ZH(t)°. If, in 
addition, the derived group of G is simply connected, then the stabilizer ZG(t) is 
connected. In this case, for every t G T fl we have ZG(t) = ZhW C H. 

Claim 1.7. In the situation \1.6\ (a), the group H has a Levi subgroup (see [Bot 

II. 22]j. Moreover, there exists a unique Levi subgroup M C H, eontaining T. 

Proof. By uniqueness, we can extend scalars to a finite separable extension, thus 
assuming that T is split. In this case, the subgroup H C G is generated by T and 
the root subgroups Uq C G for a G $(11, T). Indeed, this follows from the fact that 
H is generated by its Borel subgroups B D T, and that the corresponding assertion 
for solvable H follows from [Bol Prop 14.4]. 

Next we observe that the set of roots $(U,T) consists of all a G $(H,T) such 
that —a ^ $(H,T). Therefore a Levi subgroup M D T of H has to coincide with 
the subgroup M' C G generated by T and the roots subgroups Uq, C G for all 
a G $' := $(H,T) \ $(U,T). 

It remains to show that the subgroup M' C H defined in the previous paragraph 
is indeed a Levi subgroup. Since M'U = H, it suffices to show that $(M', T) C $'. 
Recall that G has an automorphism t such that t(T) = T and t(Ua) = U_q, for 
every a G $(G, T). Since the subset $' C $(G, T) is stable under the map a i—)■ —a, 
we conclude that M' C H n t(H), thus $(M', T) C $(H, T) n $(t(H), T) = $'. □ 

1.8. Remark. In this work we only consider the case when H is either a parabolic 
subgroup of G or a connected centralizer of a semisimple element. In these cases. 
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Claim im is well-known (see |Bo( Cor 14.19]). On the other hand, we believe that 
the context of equal rank subgroups is the “correct framework” to work in. 

Lemma 1.9. In the notation of Claim [777| , letp he the projection H —> H/U = M, 
and let i be the inclusion M H. 

(a) Set H' := C H. Then the morphism H', 

induced by om.h : Hm —)■ H, is an isomorphism. 

(b) The morphisms tth.m : Ch Cm (m^d vtm.h : Cm Ch? induced by p and i 
respectively (see M.lV b)). are isomorphisms. 

(c) The isomorphism ttm.h : Cm ^ Ch induces an isomorphism 

(d) We have the equality 

(e) The morphisms IndM(M’'®®/‘^) —)■ and —)■ induced by om.h 

(compare 1 1. 5\f d} } are isomorphisms. 

(f) Set cg := i^g(1) ^ Cg and similarly for H. Then the morphism vrH,G • Ch -> 
Cg satisfies vrjj|c;(eG) = en- 

Proof (a) Since H = U XI M, it suffices to show that for every m G the 

map /m : U —)■ U : M I—)■ m~^umu~^ is an isomorphism. 

Consider the upper (or lower) hltration of U. It remains to show that fm in¬ 
duces an isomorphism on each quotient Using the natural isomorphism 

Xj(*)/xjh+i) ^ Lie it suffices to show that Ad(m“^) — Id is invertible 

on Lie Since m G the map Ad(m“^) — Id is invertible on 

Lie G/ Lie M. Hence it is invertible on LieU = Lie H/Lie M, and the assertion 
follows. 

(b) Since p o i = Hm, h suffices to show that the pullback i* : F[H]^ F[M]^ 

is injective. By (a), the induced map i* : F[H']^ —)■ is injective. Since 

H' C H is Zariski dense, the restriction map U[H] —)■ A[H'] is injective, and the 
assertion follows. 

(c) Extending scalars to a hnite separable extension, we can assume that T is 

split. Then, bv ll.lf cL it remains to show that T fl = T fl But this 

follows from the explicit description of both sides, given in ll.bf bL 

The assertion (d) follows from (c), while (e) follows from (a) and (d). 

(f) By (b), we can replace H by M, thus assuming that H is reductive. Extending 
scalars, we can assume that T is split. In this case, tth.g : Ch —^ Cg is the projection 
Hh\T —)■ IUg\T fsee ll.lf cH. and the assertion is immediate. □ 

Lemma 1.10. In the situation of \1.0{ a). assume that the derived group of G is 
simply connected. Then 

(a) the morphism tth.g ^ —)■ Cg is etale. 

(b) the morphism tn.G ^ —)■ G Xc^ from \1.9I c] is an isomorphism. 
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Proof. Extending scalars to a finite separable extension of F, we can assume that 

T is split. 

(a) By Lemma ll.9f c). we can replace H by its Levi subgroup M, thus we can 

assume that H is reductive. Then 7rH,G : Ch —!■ Cq is simply the projection 1 Lh\T —)■ 
hLG\T (see ll.lf c)! . Thus, it remains to show that for every f G T fl we 

have the equality of stabilizers Stabvi/H(^) = StabH^g,(t). But our assumption on G 
implies that 7^-H.if) = Isee ll.bf bB. so the assertion follows. 

(b) Note that is etale over G by Corollary 12.61 below, while G Xcq is 

etale over G by (a). Hence ^h.g is etale. Thus, in order to show that ^h.g is an 
isomorphism, it suffices to show that ^h.g is a bijection (on F-points). 

First we show that tH,G is surjective. Since z/h|t : T —)■ ch is surjective, every 
element of G Xc^ has a form (^f, ph(^)) for some (7 G G and f G T fl 

such that pg(5') = Let g = su he the Jordan decomposition. Then pg(s) = 

PG(fi') = (see [Stl Cor 6.5]). Since s and t are semisimple, they are G-conjugate 
(by [Stl Cor 6 . 6 ]). Since ^g.h is G-equivariant, we can replace g by its conjugate, 
thus assuming that s = t. 

Since u is unipotent and us = su, we get that u G Zg(s)°. Hence (7 G H (use 
HIlKb)), thus g = sue H''®^/'^, and iH,G([l, 9]) = (g, M^))- 

To show the injectivity, assume that two elements g = [g, h] and g' = [g', h'] of 
Gh® satisfy iH,G(^) = <-h,g(^ 0- Since tG,H is G-equivariant, we can replace 'g and 
g' by their ( 7 '“^-conjugates, thus assuming that g' = 1. In this case, the identity 
<-h,g(^) = i-ii,G(g') implies that r'tiih) = utiih') and ghg~^ = h'. It suffices to show 
that 77 G H, hence ^ = [1, ghg~^] = g'. 

Let h = su and h' = s'u' be the Jordan decompositions. Then 77577 “^ = s' 
and ph(’S) = ph(sO- Thus, s and s' are H-conjugates. Hence, replacing ( 77 , h) by 
{gx~^,xhx~^) for some x G H, we may assume that s = s', thus 77 G Zg(s). Since 
h G we get s G Bv ll. 6 f b). we conclude that Zg(s) C H, thus 

77 gh. □ 

Corollary 1.11. In the situation of \1.6[ the morphism tH,G : —)■ G Xc^ 

from \l.^ c) is finite and surjective. 


Proof. Let G®® be the simply connected covering of the derived group of G. Consider 
the natural isogeny tt : G' := G®® x Z(G)° ^ G, and set H' := 7r“^(H) C G'. Then 
we have a commutative diagram 


G' 


reg 

H' 




» G' X 


Cq/ 


reg /G' 

Uh/ 
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where vertical arrows are finite surjective morphisms, induced by tt. Now, is 

an isomorphism by Lemma [ 1.101 Therefore ^h.g is finite and surjective. □ 

1.12. Remark. Although the morphism 6h,g from Corollary II. Ill is not an isomor¬ 
phism in general, it is an isomorphism over a “strongly regular locus”. Moreover, the 
whole morphism tn.G “can be made an isomorphism”, if one replaces the (singular) 
Chevalley spaces Cq and Ch by their smooth Artin stack versions. 

2. Top degree differential forms 

2.1. Notation, (a) For every smooth algebraic (or analytic) variety X over F of 

dimension d, we denote by /Cx = canonical bundle on X, that is, the line 

bundle of top degree differential forms on X. 

(b) For every map of smooth algebraic (or analytic) varieties / : X —)■ Y over F 
of dimension d, the pullback map of differential forms gives rise to a morphism of 
line bundles if : /*(/Cy) —t /Cx- 

2.2. The group case. Let G be an algebraic group over F. 

(a) For each G G, the left multiplication map Lg : G ^ G : x gx induces an 
isomorphism LieG = Ti(G) ^ Tg{G) of tangent spaces. These isomorphisms for 
all g induce a trivialization G x LieG ^ T{G) of the tangent bundle of G. 

(b) Consider the one-dimensional vector space Vq := det(LieG)* over F. Then 
the trivialization from (a) induces an isomorphism i : Og Vg ^ /Cq of line 
bundles. Explicitly, for every v G Vg the differential form i{v) is the unique left 
invariant differential form Uoiv) = uJg{v) on G such that a;Q(n)|g=i = v. Moreover, 
0 Jg{v) is nonvanishing if n 7 ^ 0 . 

(c) Similarly, for every v G Vg there exists a unique right invariant differential 
forma;G(i^) on G such that a;G('i')|c/=i = 'V- Explicitly, ^^.(t) = Xg-uJg{v), where Ag 
was defined in ll.2f aL Observe that if G is connected reductive, then the character 
Ag is trivial, thus a;Q(n) = Uq{v). 

2.3. The canonical bundle on Gh- 

(a) For every [^f] G G/H we have natural identifications T[g](G/H) ^ Lie G/ Lie H^, 
and prG/H([d]) ^ Hg : [g, h] i-A ghg-^ (seeOKc)). Thus, for every [g, h] G Gh, we 
have an exact sequence 

0 —t Tghg-i{Hg) —T[g^/i](GH) “^ LieG/LieHg —)■ 0. 

(b) Using the identification LieH^ ^ Tg;^g-i(iig), induced by Lg^g-i as in l2.2f aL 
we have a natural isomorphism 

detT[g^/i](GH) = det LieHg ® det(LieG/LieHg) = detLieG. 
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(c) By (b), we have a natural isomorphism i : ®fVg ^ ^Gh' particular, 

every 0 7 ^ u G Vg dehnes a nonvanishing differential form C(;Q^(n) := i{v) on Gh- 

(d) Let oh.g • Gh —)■ G be as in ll.4f c). Using (c) and the isomorphism /Cg ^ 
Oq, Vg from I2.2f b). we get a natural isomorphism 

* • ®h,g(^g) ^ ®h,g(^g ®f Vg) = C>Gh ® ^g ^ ^Gh‘ 


2.4. Remarks, (a) Recall that the isomorphism LieH^ ^ Tgi^g-iiYlg) was con¬ 
structed in I2.3f bi using the left multiplication. Therefore the differential form 
from I2.3f ci is left-invariant, that is, the restriction of a;Q^(n) to each 
P^g/h([ 5 ']) ~ invariant. 

(b) Instead, we could construct an isomorphism LieH^ ^ ^ 3 / 15-1 (Hg), using the 
right multiplication. As a result, for every v G Vg we would get a right invariant 
differential form a;~ (n) on Gh such that ca- (n) = Aq^ • a;Q^(n) (compare ll.5l b) 
and l 2 . 2 f cB. 

(c) Each differential form t(;Q^(n) is G-invariant. Indeed, it suffices to show that 
for every g & G and h G H the following diagram is commutative 


LieH 

Ad 3 


Lh 


LieH 


^ghg 


T,m 

Ad 3 


g ' -^ghg-^y^^g) 

-1 _ 


But this follows from the identity g{hx)g ^ = {ghg ^){gxg 




Lemma 2.5. The differential form aH,G('^G('y)) on Gh is equal to •a;Q^(n), 
where Ag^ was defined in \lM a). 

Proof. Identifying all fibers of a;G(i^) and a;Q^(n) with v as in I2.2r b) and 12.31( b) 

respectively, we have to show that the Jacobian of the map aH,G : Gh —> G at [g, h] 
is AH,G(h). By the G-equivariance, we can assume that g = I- 
Using [273l( ai. we have two exact sequences of tangent spaces 

0 Lie H —(Gh) Lie G/ Lie H ^ 0 

0 ^ LieH ^T;,(G) = LieG ^ LieG/LieH ^ 0. 

It suffice to show that the differential dan,■ 7"[i,h](GH) Th{G) induces the 
identity on Lie H and the map Ad h~^ — Id on Lie G/ Lie H. 

For the first assertion, notice that the restriction of oh.g to PI'q/h([ 1]) the in¬ 
clusion H G. For the second one, notice that the endomorphism of Lie G/ Lie H 

















10 


DAVID KAZHDAN AND YAKOV VARSHAVSKY 


induced by daH.cIfi h]> induced by the differential of the map G —?■ G : i—)■ ghg ^ 
at g = 1. Since is left invariant, the last differential coincides with the 

differential of the map G ^ G : g ^ {h~^gh)g~^, which equals Ad/i“^ — Id. □ 

Corollary 2.6. The open subvariety G^® C Gh is the largest open subvariety, 
where the map oh.g ^ Gh —> G is etale. 

2.7. The parabolic case, (a) Let G be connected reductive, P C G a parabolic 
subgroup, M C P a Levi subgroup, and U C P the unipotent radical. 

(b) Let P~ be the opposite parabolic of P, and let C P~ be the unipotent 
radical. Then the multiplication map m : U“ x P —)■ G is an open embedding. 
Hence the maps U“ ^ G/P : m i—)■ [m] and j ; U“ x P — )■ Gp : {u,x) hA [u,x\ are 
open embeddings. In addition, the differential : LieU“ © LieP —?■ LieG is 

an isomorphism. Therefore it induces an isomorphism Vxj-xP Vg- 

Claim 2.8. For every m G M, we have the identity 

Ap,g(ih)^ = (—■ Ap(m). 

Proof. Since both sides of the equality are regular functions on M, we may assume 
that m is regular semisimple, thus lies in a maximal torus T C M. Now we can 
decompose LieG/LieM as a sum of T-eigenspaces. Now the equality follows from 
the identity {t — 1)^ = (—l)(t — — l)t. □ 

Lemma 2.9. In the notation of \2. T^ b), we have equalities j*{u’‘^ (n)) = Ci;u_^p(n) 
and m*{uG{v)) = x;u_xp(n) for each v G Vg- 

Proof. Since the hber of each of (n)) and iVu_^p(r’) at 1 is v, for the hrst 

equality it suffices to show that (n)) is left (U“ x P)-invariant. For the U^- 

invariance, notice that j is U^-equivariant, and ca- (v) is G-invariant (see l2.4r cH. 
For the P-invariance notice that ca- ('fllfiixP is left P-invariant (see 12.41( a)). 

For the second equality, one has to show that m*{uG{v)) is right (U~ x P)- 
invariant. Since a;G('y) is G x G-invariant, the pullback m*{uG{v)) is right P- 
invariant and left U~-invariant. Since the group U“ is unipotent, we have Au- = 1, 
thus the differential form m*{uG{v)) is also right U~-invariant. □ 

3. Smooth measures, restriction, and induction 

From now on, let F be a local non-archimedean held, and let | • | : F^ —)■ be 
the norm map. For every compact analytic subgroup K over F, we denote by dx 
the Haar measure on K with total measure 1. 
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3.1. Smooth measures. Let X be a smooth analytic variety over F. 

(a) Let C°°{X) (resp. C^{X)) be the space of smooth (complex-valued) functions 
(resp. with compact support), and let Ai{X) be the dual space of C^{X). Every 
non-vanishing (F-valued) analytic function f on X induces a smooth function |/| G 
C°°{X), dehned by |/|(a;) := |/(x)| for every x e X. 

(b) We say that a measure x ^ Xi(X) is smooth, and write y G Ai°°(X), if 
for every a: G X there exists an open neighborhood U <Z X of x and an analytic 
isomorphism 0 : Op ^ U such that (()*{x\u) ^ Xi{Op) is a multiple of a Haar 
measure on Op. 

(c) By a construction of Weil [Wej . every non-vanishing top degree differential 
form a; on X dehnes a smooth measure |ca| G Xi°°{X). 

Namely, for every open analytic embedding 0 : Op ^ f/ C X, the differential 
form (p*{oj) equals fdxi A ... A dxn for some non-vanishing analytic function / on 
O"^. Then |/| G C^iO"^), and |c(;| is characterized by the condition that the pullback 
0*(|a;|) equals |/|(5oj G M°°(0^). 

Now we give an equivalent (more geometric) dehnition of smooth measures. 

3.2. An alternative description. Let be the line bundle dual to Xx, and let 
Sx —)■ X be the F^-torsor corresponding to Explicitly, Ex is a space of pairs 
{x, a), where x E X and a is a non-zero element of the hber X^\x of at x. 

Claim 3.3. The space X1°°(X) is canonically identified with the space C°°(Ex, | • |) 
of smooth functions f : Ex —)■ C satisfying f{hx) = \h\f[x) for all b G F^ . 

Proof. Since both Ai°°{X) and C'°°(Ex, | • |) are dehned as global sections of certain 
sheaves on X, we can construct an isomorphism Xi°°{X) ^ C°°(Ex, | • |) locally on 
X. Thus we can assume there exists a non-vanishing differential form u G r(X, Xx)- 
Note that the tensor product s ha s (8) w dehnes an isomorphism of line bundles 
X^^ ^ Ox- Hence it induces an isomorphism : Ex ^ F^ x X of the correspond¬ 
ing F^-torsors over X. For every / G C°°{X) we denote by / G C°°{F^ x X, | • |) 
the function {a,x) ha \a\f{x). The map f\u\ ha i*(/) dehnes an isomorphism 
M°°{X) ^ C°°(Ex, I • I), which is independent of oo. □ 

3.4. Smooth measures with compact support. We denote by A4c{X) (resp. 
PLi^X) = Xl^(X)) the space of measures (resp. smooth measures) on X with 
compact support. Moreover, if a group G acts on X, then G acts on the space 
'H(X), and we denote by 'H(X)‘^ and 'H{X)g the spaces of G-invariants and G- 
coinvariants, respectively. 

3.5. Pullback of smooth measures, (a) Assume that we are given a morphism 
/ : X —)■ F of smooth analytic varieties and an isomorphism i : f*{XY) ^ Xx of 
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line bundles. Then i induces an isomorphism of line bundles ^ hence 

a morphism of F^-torsors (/, f) : Sx ^ X Xy Sy —)■ Sy. 

By Claim 1231 (/c) induces a pullback map (/,«)* : M.°°{Y) M.°°{X). If, in 

addition, / is proper, then (/,■?)* induces a pullback (/, i)* : 'H(F) —)■ 'H(X). 

(b) Note that if / : X —)■ F is a local isomorphism, then the morphism of line 
bundles if : f*{lCY) — K.x from l2.ir bi is an isomorphism. Therefore, by (a), / gives 
rise to a pullback map f* = (/,?/)* : M°°iY) —)■ M°°{X). Moreover, / induces a 
pullback map f* : 'H(Y) —)■ 'H(X), if in addition / is proper. 

In particular, if X X is an open (resp. open and closed) embedding, then we 
have a restriction map res : Ai°°{X) (resp. res : 'H(X) —> 'H(X)). 

The following simple lemma is basic for what follows. 

Lemma 3.6. (a) Let f : X ^ Y be a smooth map between smooth analytic varieties. 
Then the pushforward map f\ : A4c(X) —)■ j\4c(Y) satisfies f\{'H{X)) C TLiX), that 
is, f\{h) G TOY) for every h e 'H(X). 

(b) Let G be an analytic group, and let f : X ^ Y be a principal G-bundle. Then 
the map f\ induces an isomorphism 'H{X)g ^ 'hi{Y). 

Proof, (a) The question is local in X and Y, so we may assume that X = 

Y = Op, f is the projection, and h = 6x- In this case, ffh) = Sy. 

(b) The assertion is local in Y, and / is locally trivial, so we may assume that 
X = G X Y. In this case, for every compact open subgroup K (Z G, the map 
'H(y) —!■ PL{X)g dehned by h ha [h Kl 5k] is the inverse of f\ : 'H{X)g ^ 'hL{Y). □ 

3.7. The induced space, (a) Let G an analytic group, H Z G a closed analytic 
subgroup, and let H act on a smooth analytic variety X. Then the product G x X 
is equipped with an action of G x H dehned by {g,h){g',x) := {gg'h~^,h{x)), and 

the quotient Ind^(X) := G x X is smooth and equipped with an action of G. 

(b) Consider the diagram Ind^(X) G x X X, where pi and p 2 are 
the natural projections. Since pi is a G-equivariant iL-bundle, while p 2 is an H- 
equivariant G-bundle, Lemma [3.6f bj implies that we have a natural isomorphism 

Th ■■= {P2)i o (Pi)r' : n{lnd^{X))G ^ H{G X X)g^h ^ 'H{X)h. 

(c) By construction, the isomorphism from (b) can be characterized as the 
unique map : 'H(Ind^(X))G —)■ 'H{X)h such that the composition o (p]^)| : 
^{G X X)gxh —t 'H{X)h is equal to (^ 2)1 

(d) Assume that H acts on X trivially. Then Ind^(X) = (G/H) x X, and the 
natural projection pr : {G/H) x X —)■ X satishes pr = p 2 . Thus, by (c), the map 

obtained from pri : 1-L{{G/H) x X) —)■ 'H(X). 






GEOMETRIC APPROACH TO PARABOLIC INDUCTION 


13 


(e) Assume that if is a retract of G, and let p : G —)■ if be a homomorphism such 
that p\h = Id//. Then p induces a map p : Ind^(X) —)■ Ind^(X) = X such that 
popi = p 2 . Thus, by (c), the map is obtained from p\ : 'H(Ind^(X)) —> 'H(X). 

3.8. Notation. For every (smooth) algebraic variety X over F we denote by X the 
corresponding (smooth) analytic variety X(F). In particular, we have G = G{F), 

Gh = Gh(A), etc. We also denote by aH,G ■ Gh —t G, Ah,g '■ H ^ F, \g ■ G ^ 
F^, etc. the maps induced by oh.G; ^h,g and Ag, respectively. 

3.9. The restriction map. In the situation of 12.71 set G := Gp and a := ap^c- 

(a) In I2.3f di we constrncted an Ad G-eqnivariant isomorphism i : a*{K g) ^ Kg, 
which bv l3.5f a) dehnes a pnllback map a* = {a,i)* : A4°°(G) —>■ A4°°(G). 

Explicitly, for every n G Vd and / G G°°(G), the map a* is given by the formula 
a*{f\uG{v)\) := a*{f)\u’‘~{v)\. Moreover, since a : G —)■ G is proper, the map a* 
induces a G-equivariant map a* : 'H(G) —'H(G). 

^(b)^Since (G/P)(F) equals G(F)/P(F) = G/P (see [13 Prop 20.5]), the set 
G = G{F) equals Indp(P). Hence, bv l3.7f bh we have a natural isomorphism 

ip$ : H{G)g = H{lnd^{P))G ^ n{P)p. 

We denote by Resp : 'H{G)g —t 'H{P)p the composition map oa*. 

(c) Let p : P —M be the projection (see Lemma ll.Op . Since p is smooth, the 
induced map p : P —)■ M is smooth. Thus, p induces a map pi : 'H{P)p —)■ 'H{M)m 
(see Lemma Em a)), and we denote by Resp.^^^ : 'H{G)g —t 'H{M)m the composition 
p\ o Resp. 

3.10. Generalized functions and induction, (a) Let X be a smooth analytic 
variety over P, and let G(X) := Homc('H(X), C) be the space generalized functions 
on X. Then the space G(X) is eqnipped with a weak topology, which is the coarsest 
topology snch that for every h G 'H(X) and a G C the set {A G G(X) | \{h) ^ a} is 
open. 

(b) For a group G acting on X, we denote by G'^(X) C G(X) the subspace of 
invariant generalized fnnctions with the induced topology. Equivalently, G‘^(X) is 
the linear dual space of 'H{X)g equipped with the weak topology. 

(c) By Lemma f3.6f aL every smooth map f \ X ^ Y induces a continuous map 
f* : C{Y) —)■ G(A) dual to f\. If, in addition, / is G-eqnivariant, then f* induces a 
continuous map G‘^(y) —)■ G‘^(X). 

(d) In the situation of 13.71 we have a linear homeomorphism C^{X) ^ G^(Ind^(X)), 
dual to 
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(e) In the situation of 13.91 we denote by Indp.jy^ : C^{M) —)■ C^{G) (resp. 
Indp : C^{P) —)■ C^{G)) the map dual to Resp.^y^ (resp. ReSp). 

(f) Let H be an algebraic group over F. Then to every admissible representation 
n oi H = H(F) we can associate its character Xtt G G^{H). 


4. Relation to characters of induced representations 


Assume that we are in the situation of 13.91 

Proposition 4.1. Let t be an admissible representation of P, and let vr = Indp(r) 
be the induced representation. Then we have the equality x-k = iHdp(xT-)- 

To prove the result, we will compute both Xn and Indp(y;.r) explicitly. 


4.2. Notation, (a) Let K <Z Ghe a. compact open subgroup, set Kp := iLflP, and 
let /i^ (resp. /i^^) be the left invariant Haar measure on G (resp. P) normalized 
by the condition that /i/c(iL) = 1 (resp. = 1). 

~ Kp,Ad _ _ 

(b) Set K := K x P = Ind^^(P). Then iL C G is an open and closed subset, 
and we set 

Resf^ : n{G)K ^ n{G)K ^ n{K)K -4 P(P)kp, 

where a* was dehned in I3.9f a) and was dehned in I3.7f b). 

(c) For every h e n{G)^, we define / := h/fi^ e G“(G), /p := /|p G G“(P) 
and hp := fpp^^ G TL^P)- 

(d) For every g E G, we set Kg := gKg~^, hg := {Adg~^)*{h) G 'H{G)^<’, 
Kg p ■.= KgH P and hg^p := {hg)p (see (c)). 

(e) Fix a set of representatives A C G of double classes P\G/K. The set A is 
hnite, because P\G is compact. 


Lemma 4.3. In the notation of 4-^ have equalities: 

(a) Res^([h]) = ^^es p([4]) 

(b) ResfE[^]) = [hp] n{P)Kp; 


(c)Res${[h]) = j:^^Ahs,p] tnH{P), 


Proof, (a) By definition, Resp([h]) = ipp{[a*{h)]). Notice that the decomposition 
G = \Jg^AKg~^P into open and closed subsets induces a decomposition G = U^G^, 

where Gg := Kg ^P x P. Therefore we get a decomposition a*{h) = '^g{h}g, where 
{h}g := a*(h)|g^ G TLiGg) C TUG). Thus it remains to show that for every g E G, 
we have the equality Pp{[{h}g]) = pi[hg])- 
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Note that gGg = gKg x P = Kg x P = Kg and {g = a*(hg)|^. 

Using the identity [{h}g] = [(fi'“^)*({h}g)] e 'H{G)g, the eqnality (p${[{h}g\) = 
can be rewritten as V?p([a*(hJ|^J) = ResJ®^^([hg]). 

The latter eqnality follows from the fact that the diagram 


n{G) 
( 1 ) 

n{Kg 






g,P 


n{p)p 

( 2 ) 

> np)K, 


where (1) is the natnral inclnsion, while (2) is the natnral projection, is commntative. 

(b) Recall that is a composition 'H{K)k ^ Ti^K x P)kxKp ^ P-{P)kp, 
corresponding to the diagram K <P— K x P P. Since element 6 k ^ hp of 
'R(R X P) satishes {p 2 )\{ 6 k KI hp) = hp, it snffices to show the eqnality {pi)\{ 6 k KI 
hp) = a {h)\j^. 

Note that a*{h) = a*{f)a*{p^), while 6 k ^hp = {1 k^ fp){6K x Moreover, 

since / is Adi^-invariant, we have pj(a*(/)) = Ip; Kl fp. Thns it remains to show 
the eqnality {pi)\{ 6 k ® 

Fix 0 7 ^ n e Vg and 0 ^ v' E Vp. Using the identities |a;G(n)| = \ojg{v)\{K) ■ 
and |a;p(n')| = \ojp{v')\{Kp) ■ it remains to show the eqnality 


(4.1) (pi)!(|u;i^(n)| S |w^(n')l) = |a^pK)l(^p) ' 


where we set = a;g(n)|g. Using the notation of l2.7f b). we set iF := iFflf/ , 

and consider the open embeddings j : K~ x P ^ K, m : K~ x Kp ^ K and 
K~ X P ^ G. Since pi is iF-eqnivariant, it remains to show the restriction of the 
eqnality (14.11) to K~ x P nnder j. 

Note that p]^^{K~ x P) = K~ x Kp x P, while j*{uj^{v)) = u'‘pr_^p{v) and 
m*{uK{v)) = ^'k-xKp^'^) Lemma [23]). Thns, the assertion follows from the fact 
that |i^x-xAp('^)l ~ l'^A-xAp('^)l’ becanse K~ x Kp is compact. 

(c) follows immediately from (a) and (b). □ 


4.4. Proof of Proposition fK. We have to show that for every h G 'H(G) we have 
Xn{h) = Xr(Resp(h)). Choose an open compact snbgronp K C G snch that h is 
K X iF-invariant. Then h G 'H(G)^, so by Lemma IT73I we have to show that 


Tr(h,7r) = ^Tr(h 3 ,p,r). 

g&A 


(4.2) 
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Though the result is well-known and is an immediate generalization of the corre¬ 
sponding result for hnite groups, we sketch the argument for completeness. 

Let IV (resp. V) be the space of r (resp. tt). Then is the space of functions 
f : G ^ W satisfying f{xyk) = T{x){f{y)) for all x E P, y E G and k E K. For 
every g E G we denote by C the subspace of functions f : G ^ W from 
1/^, supported on PgK. Then = ®geAVg^- 

For every g E G, consider the endomorphism h{g} : A VA', 

induced by h. Then Tr(h, vr) = suffices to show the equality 

Tr(h{g}) = Tr(hg,p, W) for every g eG. 

Since gK = Kgg, the map / i—)■ f{g) induces a linear isomorphism ^ 
hF'^9’^. It remains to show that this isomorphism identifies E Endld^ with 
rihg^p) E EndhF^S’^, that is, for every / G we have the equality {h{f)){g) = 

D(hg,p)(/(C/)). 

We claim that the latter equality holds for every right iF-invariant h E 'H{G). 
Indeed, we may assume that h = 6 xk for some x E G. Set Xg := gxg~^. Then 
hg = SxgKg, and {h{f)){g) = f{gx) = f{xgg). Assume hrst that Xg E PKg. Then 
XgKg = x'Kg for some x' E P. In this case, we have hg^p = Sx'Kgp, and 

h{f){9) = fixgg) = f{x'g) = T{x'){f{g)) = T{hg^p){f{g)). 

Finally, if Xg ^ PKg, then h{f){g) = f{xgg) = 0, and hgp = 0. □ 

4.5. Parabolic induction. Let p be an admissible representation of M. Recall that 
a non-normalized parabolic induction tt = Indp.^(p) is the induced representation 
Indp(r), where r G Rep(P) is the inflation of p. 

Corollary 4.6. We have the equality of characters x-k = iHdp.jy^(xp). 

Proof. Since the character of the inflation Xr £ G^{P) equals p*(Xp), the assertion 
follows from Proposition 14.11 □ 

5. Restriction to an equal rank subgroup 

5.1. Smooth measures with relatively compact support. 

(a) Let / : X —)■ Z be a morphism of analytic varieties over F, where X is 
smooth. We denote hy 'H{X/Z) C Ai°°[X) the subspace consisting of measures, 
whose support is proper over Z. In particular, 'H{X/X) = Ai°°{X). Notice that 
K-iX) C ^{X/Z), if Z is Hausdorff, and l-i^X) = l-L^X/Z), if Z is compact. 

(b) Every smooth morphism f ■. X ^ Y over Z induces a canonical push-forward 
map f\ : Ti^X/Z) —)■ 'H(Y/Z). Indeed, we can construct the map f\ locally on Z, 
thus may assume that Z is compact. Now the assertion follows from Lemma [3.61 
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(c) Assume that we are in the situation of l3.7[ and that H acts on X over Z, that 
is, the map / : X —)■ Z is i7-equivariant with respect to the trivial action of H on 
Z. Then the arguments of (b) and 13.71 imply that we have a natural isomorphism 

■■ n{ind%{x)/z)G ^ n{x/z)H. 

(d) Assume that we are given a commutative diagram of analytic spaces over F 

X -^ Y 

b 

X' -^ F', 

such that X and X' are smooth, 6 is a local isomorphism, and the induced map 
X ^ X' Xy/ Y is proper. Then the pullback h* : M°^{X') —)■ Xi°°{X) (see I3.5f b)) 
satishes h*{n{X'/Y')) C H{X/Y). 

(e) An important particular case of (d) is when the diagram is Cartesian and 
F —)■ F' is an open embedding. In this case, 6 : X —)■ X' is an open embedding as 
well, and we denote h* by res and call it the restriction map. 


5.2. The algebraic case, (a) Let H C G be a closed subgroup. Since the pro¬ 
jection map G G/H is smooth, every G-orbit in (G/H)(F) is open. Therefore 
G/H = G(F)/H(F) is an open and closed subset of (G/H)(F). 

(b) Let H act on a smooth algebraic variety X. Then, by (a), the induced space 

Ind^(X) is an open and closed subset of (Ind§(X))(F). Hence we have a natu¬ 
ral restriction map res : 'H((Ind§(X))(F))G 'H(Ind^(X))G, and we denote the 

composition o res : 'H((Ind§(X))(F))G' —)■ 'H{X)h simply by 

(c) Assume that H acts on X over Z fcompare I5.1f c)i. Then, generalizing (b), 
we have a map : ?{((IndH(X))(F)/Z)G' —)■ 'H{X/Z)h. 

5.3. Notation. Let K C H be two closed subgroups of G. 

(a) We set := where 

^^g/G ^ (see ll.2f bH. Similarly, we set ■= and 

:= Isee OTeH. 

(b) By a combination of IS.lf ai and IS.ll ei. we have a restriction map 

res ; V,{H) -A H{H/ch) ^ 

(c) Recall that the map oh.g ^ G^® —?■ G is G-equivariant and etale (see Corollary 

12.6 p . thus the corresponding map aH,G ■ —)■ G is a local isomorphism. Thus we 

have a pullback map a*^G • Ad°°(G) —?■ X1°°(G5^®) fsee I3.5f b)i. 


5.4. The restriction map. Assume that we are in the situation of 11.61 
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(a) Since the morphism of algebraic varieties tH,G : Gh^ —^ G Xcq is 

hnite (by Corollary ll.llh . the corresponding morphism of analytic varieties lh,g '■ 

G XcQ is proper. Thus, bv 15.31( c) and lS.lf d) we have a pullback map 

^*H,G • ^(G)g 'H{G/cg)g 'H{Gh)g^- 

(b) We denote by : 'H{G)g —^ R^GhYg^ the composition of the 

map a*jjG from (a) and the map (p% from l5.2l( ch 

5.5. Set up. Assume that we are in the situation of l3.9l and that H is a connected 
equal rank subgroup of M, hence also of G. 

(a) Then C is an open subscheme fsee ll.2f c)h thus we have dehned 

a restriction map res : —)■ fsee I5.1f e)h 

(b) Using iL^ c) again, we conclude that C Thus the restriction 

of Ap G to is non-vanishing. Hence Ap c gives rise to a smooth function 

|Ap,Gl’e 

Lemma 5.6. In the situation of 1 5. 51 the following diagram is commutative 


(5.1) 


'H{g)g 




|Ap,G|-res 


n{M)M 


> n{H) 


reg /M 
H 


Proof. The assertion follows from a rather straightforward diagram chase. Namely, 
using the inclusion c we observe that diagram fl5.ip decomposes as 


h{g)g 

(5.2) Resp.jy^ 

pAf . 

u{m)m = niHYY^/ . 

Since the right inner square of fl5.2l) is commutative by functoriality, it remains to 
show the commutativity of the left inner square. 

Observe that the diagram 


Ap.gI' 


Ap,G|-res 


niP)p h{pYY^^^ p{PmYY''^^ 



p 

Pi 

‘Pm 




n{M)M 
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is commutative. Indeed, the left inner square of (15.31) is commutative by Lemma 
ll.9l d). and the right inner square is commutative, because = p\ (see I3.7l e)) and 
a*pj^ is an isomorphism (by Lemma [1.9f e)). 

Therefore the left inner square of fl5.2p decomposes as 


niG) 


G 


P,G 


(5.4) 




niG) 


G 


niG) 


G 




niGp)G ' niGM)r 


^ nm^ 






niP)p niPMYc'^ ^ 


> niM) 


reg /G 


M 


We claim that all inner squares of fl5.4p are commutative. Indeed, the top right 
square is commutative by the dehnition of the bottom left square is commuta¬ 
tive by the functoriality of </9p, and the bottom right square is commutative by the 
equality o = (pfj. 

Finally, the commutativity of the top left square of fl5.4p follows from the equality 
om,g = clm,p ° (^p,G (see ll.5f d)) and Lemma E31 □ 


6 . Normalized induction, independence of P, and stability 

6.1. Normalized restriction and induction. 

(a) Recall that in the construction of the restriction map Resp.^^^ in I3.9f c) we 

used the isomorphism Oq Vg ^ /Cq : v ha ^^(n) (see I2.3r c)). Instead we 
could use the isomorphism Oq Rg ^ (^^e I2.4r b)). Since 

i^g(p) = Aq • u^iv), the resulting restriction map would be |Ap| • Resp.^. 

(b) We denote by rp.^ : 'R(G')g —)■ niM)M the map • Resp.;^.^, and call it 

the normalized restriction map. Let ip.^ : C^iM) C^iG) be the dual map of 
rp.j^, called the normalized induction map. Explicitly, ip-Mix) = Iiiclp.^(|Ap|^/^ • y) 
for every y G C^(M). 

(c) For an admissible representation p of M, we denote by ip.jvr(p) fhe represen¬ 
tation Indp.^(p(8 |Ap|^/^) of G and call it the normalized parabolic induction. 

6.2. Remark. If G is semisimple and simply connected, and P is a Borel subgroup 
of G, then the normalized restriction map rp.j^ has a geometric interpretation. 

Indeed, in this case, the homomorphism Ap : P —)■ Gm has a unique square root 
Ap^ ; P —)■ Gm- Furthermore, Ap^ gives rise to a morphism A^^ : G —)■ G^ (by 
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11.5( a). hence to an isomorphism 0f Vg ^ ’"p;M is 

obtained from this isomorphism by the construction 13.91 

The following result follows immediately from Corollary 14.61 

Corollary 6.3. We have the equality of characters Xi° j^{p) = ^p;m(Xp)- 

Next, we write a version of Lemma [5.61 for the normalized restriction. 

Corollary 6.4. In the situation of 1 5. 51 the following diagram is commutative 


( 6 . 1 ) 


H{G)g 

"dM , 

n{M)M . 


Proof. By Claim 12.81 we have the identity = I^p,g| ■ I-^pI 1 so the 

assertion follows from Lemma [5.61 □ 

Lemma 6.5. The restriction map res : 'H{M)m from \5.3f b) is injec¬ 

tive. 


Proof. By definition, the connected center Z(M)° C Z(M) acts on Lie G/Lie M by 
a direct sum of non-trivial characters. Therefore for every m G M, the locus of 
G Z(M) such that zm G is open and Zariski dense. Similarly, the action 

of Z(M) on M induces an action of Z(M) on Cm, and for every m G Cm, the locus 
of 2 ; G Z(M) such that z{m) G is open and Zariski dense. Thus, for every 

open subgroup U C Z{M) we have = cm- 

Note that Z{M) acts smoothly on PL{M) and induces a smooth action on PL{M)m- 
Fix h 7^ 0, and let U C Z{M) be the stabilizer of h. Since = cm, we 

conclude that h\ reg/c Y 0 ) thus res(h) 7 ^ 0 . □ 

Now we show that the normalized induction map does not depend on P. 
Corollary 6.6. (a) The normalized restriction map r^.M • ’^(G^)g and 

the normalized induction map : C^{M) —)■ C^{G) do not depend on P. 

(b) For every admissible representation p of M, the set of composition factors of 
ip-Aiip) uof depend on P. 

Proof, (a) It suffices to show the assertion for rp.^. By Lemma IB. 41 it suffices 

to show that the composition resorp.^ : 'H(G)g —^ does not depend 

on P. On the other hand, by Corollary 16.41 for H = M, this composition equals 

• Rm- 
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(b) It is enough to show that the character of does not depend on P. But 

this follows from (a) and Corollary 16.31 □ 

6.7. Notation. By Corollary I6.6f a). we can now denote Vp.j^ and ip-M^ simply by 
and respectively. 

6.8. (Stable) orbital integrals. Let G’’®® C G be the set of regular semisimple 
elements. 

(a) In the situation of l5.41 let H = S C G be a maximal torus dehned over F. In 

this case, equals Sq® := SflG’'®®, and Rg is the map 'H(G) —)■ A4°°(S'g®). We 

denote by Os-g ■ —>■ C^{G) the dual of Rg and call it the orbital integral 

map. 

(b) Explicitly, let pr : (G/S) x Sq® —)■ Sq® be the projection. Since S acts on Sq® 
trivially, it follows from I3.7f d) that R^ equals the composition 

R{G)g ^ 'HiiiG/S) X S^S"]/Sg1g 

(c) Denote by : R{G)g the composition 

n{G)G n{[{G/S){F) X S^S"]/Sg")g ^ 

and let O^.q : A4°°(S'q®)* —)■ G^{G) be the dual map, called the stable orbital 
integral. 

6.9. Comparison, (a) Let [gi ],..., [gr] G (G/S)(F) be a set of representatives of 
the set of G-orbits. For every j, let Sj C G be the stabilizer of [gj]. Then Sj is a 
maximal torus of G, and there is a canonical isomorphism ij : S ^ Sj. Explicitly, 
if gi G G(F) is any representative of [gi], then ij is the map s i—)■ gjsgJ^. By 
construction, we have the equality = YTj=i GspG ° (ij)*- 

(b) Fix a Haar measure Ica^l on S. Then for every 7 G S'q®, we can consider 
a “(5-function” 5.y G A4°°(S'q®)*, dehned by the formula 6 .y{f\us\) = /(q) for every 
/ G G°°{Sq^). Then the construction l 6 .Sl aves us “classical” (stable) orbital integrals 
0.y^G ■= Os', 0 (^ 7 ) ^ G^{G) (resp. 0®*q := 0|*q(5.^) G G‘^(G)). For example, 
observation (a) implies that a stable orbital integral is a sum of orbital integrals. 

6.10. Application. Let U C S'q® be a dense subset, and let h G R{G)g be such 
that O^^G{h) = 0 for every 7 G D. Then 0.y^G{h) = 0 for every 7 G S'q®. 

Indeed, let / G G°°(S'q®) such that Rc{h) = f\uJs\ (see 16.91( b) L Then for every 
7 G Sq® we have 0^^g(Jt) = f\l)- Hence, by assumption, we have /(y) = 0 for all 
7 G D. Thus / = 0, since / is locally constant and U C Sq^ is dense. 
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Corollary 6.11. In the situation of \6.SL the following diagram is commutative 

and similarly for Os,g and Os,m- 

Proof. The assertion for orbital integrals is simply the dual of Corollary 16.41 for 
H = S. The assertion for stable orbital integrals follows from that for orbital 
integrals, by the observation I6.9f ai and the equality (G/M)(F) = G/M. □ 

6.12. Stable generalized functions and representations. 

(a) We denote by C C^{G) the closure of the image of 

Og := ©scgO^g : ©scG-M“(^r)* ^ C^iG), 

where the sum is taken over the set of all maximal tori S C G dehned over F. 
Elements of are called stable generalized functions. 

(b) An admissible representation vr of G is called stable., if its character Xn is 
stable. 

Corollary 6.13. (a) The induction map i^ : G^{M) —)■ G^(G) sends stable gen¬ 
eralized functions into stable ones. 

(b) The induction functor ip.sends stable representations into stable ones. 

Proof (a) Since Sq^ C is dense, the restriction map res : t M°^{SqY 

is injective. Thus the dual map res* is surjective. Hence, by Corollary 16.111 we get 
an inclusion m) © G®*(G) for every S C G. Since i^ is continuous, the 

assertion follows. 

(b) Follows from (a) and Corollary 16.31 □ 

Appendix A. A generalization of a theorem of Lusztig-Spaltenstein 

A.l. Notation. Let F be an inhnite held. All algebraic varieties and all morphisms 
of algebraic varieties are over F. 

(a) Let G be a connected reductive group, P C G a parabolic subgroup, U C P 
the unipotent radical, and M C P a Levi subgroup. 

(b) For an algebraic variety X, we denote the set X(F) by X. In particular, we 
have G = G(F), Gp = Gp(F), etc fcompare 13.81) . 

P,Ad ~ 

(c) For an Ad P-invariant subset D G P, we set Indp(Zl) := G x D G Gp. 
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(d) For an Ad M-invariant subset C C M, we set Ind^(C) ■.= G x C C. Gm, 
Gp -.= U ■ G C P, Indp(C'p) C Gp and Gp-c ■= ap,G(lHdp(Cp)) C G, where 
op,G ■ Gp ^ G was defined in 11.41 

From now on, we assume that C* C M is a unipotent M-conjugacy class. 

A. 2. Question. Does the set Gp-c depend on the choice of P D M? 

A. 3. Remarks, (a) Gp-c is a union of unipotent conjugacy classes in G. 

(b) Let F be algebraically closed. By a theorem of Chevalley, Gp-c C G is a 
constructible set, whose Zariski closure Gp-c is irreducible. This case was considered 
by Lusztig and Spaltenstein in |LS] . and they showed that Gp-c does not depend 
on P, using representation theory. A simpler proof of this fact was given later by 
Lusztig |Lul Lem 10.3(a)]. 

The goal of this appendix is to generalize the result of [LSj to other fields. 

A. 4. Saturation. Let X be an algebraic variety over F, and let A C X be a subset. 

(a) We denote by sat'(A) = satx(A) C X the union U(v,a;,/)/(T), taken over 
triples (y,x,f), where V C AMs an open subvariety, a: G P, V' ;= V \ {x}, and 
/ : V —)■ X is a morphism such that f{V') C A. 

(b) We say that a subset A C X is saturated, if sat'(A) = A. 

(c) Let sat(A) C X be the smallest saturated subset, containing A. 

Theorem A. 5. The saturation sa.t{Gp-G) does not depend on P. 

A. 6. Remarks, (a) The notion of saturation is only reasonable, if the variety X is 
rationally connected. 

(b) For every closed subvariety Y C X, the subset Y(F) C X is saturated. Also, 
if F is a local field, then every closed subset of X is saturated. 

(c) If X = A^, then a subset A C X is saturated if and only if either A = X or 
X \ A is infinite. 

(d) By (c), saturated subsets of X are not closed under finite unions. Therefore 
the set X does not have a topology, whose closed subsets are saturated subsets. On 
the other hand, our proof of Theorem IA.5I indicates that in some respects saturated 
sets behave like closed subsets in some topology. 

Lemma A. 7. Let X and Y be algebraic varieties. 

(a) For a morphism / : X — )■ Y and a subset A <Z X, we have an inclusion 
/(sat'(A)) C sat(/'(A)). 

(b) For every A C X and B <zY, we have sat'(A x B) = sat'(A) x sat'(F). 

(c) Let H be an algebraic group, and /ef / : X — )■ Y be a principal H-bundle, 
locally trivial in the Zariski topology. Then for every subset A (Z Y we have the 
eguality sat'(/“^(A)) = /“^(sat'(A)). 
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(d) For an Ad P-invariant subset A G P, the corresponding subset Indp(A) C 
Indp(X) satisfies sat'(Indp(74)) = Indp(sat'(y4)). 

(e) LetY C X = A"' be an open dense subvariety. Then sat^(K) = X. 

Proof, (a) is clear. 

(b) The inclusion C follows from (a). Conversely, assume that a G sat'(A) and 
b G sat'(i?) are dehned using triples (Vq, Xa, fa) and (V^, Xb, fb), respectively, where 
Vq and Vfo are open subsets of A^. Then we can assume that Vq = C A^ and 
Xa = Xb, which implies that (a, b) G sat'(A x B). 

(c) Since the saturation sat' is local in the Zariski topology, we can assume that 
X = Y X H. In this case the assertion follows from (b). 

(d) Arguing as in I3.7f bh the assertion follows from (c). 

(e) It suffices to show that for every x G A"'(A) there exists a line L C A”, dehned 

over F, such that x G L and LflY 7 ^ 0. Consider the variety of lines L C A*^ such 
that X G L. Since Y C A"' is Zariski dense, the set of L G such that L fl Y 7 ^ 0, is 
Zariski dense. Since P^, = while F is inhnite, the subset P 3 ;(A) C P^: is Zariski 
dense, and the assertion follows. □ 

A. 8 . Remark. All the properties of sat', formulated in Lemma [A. 71 have natural 
analogs for sat. 

A.9. Relative saturation. Let h ; X —>■ Y be a morphism and A G X. 

(a) Denote by sat'(h; A) G sat'(h(A)) the union U(v,a:,/)/(a^), taken over all triples 
(V,x,f) in the dehnition of sat'(h(A)) (see IA.4lf a)l such that /|v' : V' —)■ Y has a 
lift 7' : V' ^ X with f'{V') G A. 

(b) If h is proper, then sat'(h;A) = h(sat'(A)). Indeed, the valuative criterion 
implies that every pair (/, /') as in (a) dehnes a unique morphism / : V —)■ X such 
that h o f = f and /|v' = f- 

(c) Let X' CZ X be an open subvariety such that A G X^, and let h' '.— h|x^ • 
X' ^ Y be the restriction. By dehnition, sat'(h'; A) = sat'(h; A). 

A.10. Notation, (a) om.g : —)■ G be the map dehned in 11.41 and 11.51 let 

: G —)■ cg be the Chevalley map (see ll.lf al). and set cg := t'G(l) £ cg- 

(b) Let C G be the derived group of G, Z(M) the center of M, and set 
Zm := (Z(M) nG‘^®'')°. Then Zm is a split torus over F. Set := Zm 

Notice that since Zm acts on Lie G/ Lie M by a direct sum of non-trivial characters, 
the subset Z'^ G Zm is open and dense. 

(c) Set ■.= C ■ G M. Since C G M consists of unipotent elements, and 

Zm C. Z{M), we have C Also G^®® is Ad M-invariant, so we can form 

a subset Ind^(G^®®) C 

(d) Set G 7 I := p-\C^^^) = Cp • Xfifi G (see Lemma [TTW d)L 
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A.11. Proof of Theorem \A.^ Consider the subset Dp := ap^G(sat'(Indp(C'p))) of 
G. Since Cp-c = ap,G(Indp(Cp)), we have inclusions Cp-c C Dp C sat(Cp;G) (see 
Lemma fA-Tl ai). thus sat(Zlp) = sat(C'p;G)- It suffices to show that Dp does not 
depend on P. But this follows from the following description of Up. □ 

Claim A.12. We have the equality Dp = sat'(aM,G; lHd^(C^®®)) fl 

Proof. Recall Isee ll.Sl dB that morphism aM,G factors as Gp G. Notice 

that aM,p : G'^^ ^ Gp is an open embedding (use Lemma fT^ e)) and it satishes 
aM,p(Ind^(G^*^®)) = Indp(G]^|). Therefore, bv IA.9f c). we have the equality 

sat'{aM,G', Ind^(G^®®)) = sat'(ap,G; Indp(Gp®|)). 

Next, since ap^c is proper, we conclude from lA.QT b) that 

sat'(ap,G;Indp(Gp®|)) = ap,G(sat'(Indp(Gp^|))). 

Thus, it suffices to show the equality 

ap,G(sat'(Indp(Gp))) = ap,G(sat'(Indp(Gp®|))) n i^G^{eG)- 

Using the commutative diagram from ll.Sf b) for H = P and equality vrpg(eG) = ep 
(see Lemma fL9f fl). we conclude that ap^ci^) Ll Pg^(^g) = ap,G(^C p~^(ep)) for 

every subset A G Gp. Thus, it suffices to show the equality 

sat'(Indp(Gp®|)) fl p~^(ep) = sat'(Indp(Gp)) C Gp. 

Using Lemma lA.Tf d). it suffices to show the equality 
(A.l) sat'(Gp®|) n z/p^(ep) = sat'(Gp) C P. 

Set Pun := Pp^(ep) C P, and Pzm := Pp^(pp(Zm)) C P. Since the map pp|zm ^ 
Zm —)■ Cp = Cm is a closed embedding, the multiplication map induces an isomor¬ 
phism Pun X Zm ^ Pzm- Moreover, it induces a bijection Gp x ^ C'p|. Thus, 
formula flA.lIl follows from the equality 

^ = satp^^(Gp) X sat' 2 ,^{Z= satp^^(Gp) x Zm, 

which follows from Lemma IA.7r b).(e). □ 

Corollary A.13. (a) If F is algebraically closed, then the closure c1(Gp;g) G G of 
Gp-G the Zariski topology does not depend on P. 

(b) If F is a local field, then the closure c1(Gp;g) C G of Gp-g the analytic 
topology does not depend on P. 
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Proof. In both cases, every closed subset in G is saturated. Therefore we have 
inclusions Cp. G C sat(Cp;G') C c1(C'p;g), which imply that c1(Cp;g) = cl(sat(Cp; g)). 
Thus the assertion follows from Theorem IA.51 □ 

A. 14. Notation. For an Ad G-invariant subset D G G, we denote by C D the 
union of G-conjugacy classes that are Zariski dense in (the Zariski closure of) D. 

A. 15. Question. Is it true that Gp.Q is independent of P? 

A. 16. Remarks, (a) Let F be algebraically closed. Since the number of unipotent 
conjugacy classes in G is hnite, we conclude that Gp.Q is a single conjugacy class. 

(b) Let F be general. Then, by (a), Gp.Q is a union of unipotent conjugacy classes, 
belonging to a single conjugacy class over F. 

Lemma A. 17. Let F be either algebraically closed or local. Then for every AdG- 
invariant subset D C G, we have = sat(Zl)'^. 

Proof. Let cl(Zl) C G be the closure of D in the Zariski topology if F is algebraically 
closed, and in the analytic topology if F is local. Then, as in the proof of Corollary 
IA.13( we have D C sat(Zl) C cl(il). Thus, it suffices to show that D'^ = cl(Zl)'^. 

Let O C cl(Zl) be a Zariski dense G-conjugacy class, and let D C G be the 
Zariski closure of D. Choose a; G O. Then the morphism G —)■ D : i—)■ gxg~^ 
is dominant. Therefore, in both cases, the corresponding map G —)■ cl(Zl) is open. 
Thus O C cl(Zl) is open, hence O C D. □ 

Corollary A. 18. Let F be either algebraically closed or local. Then the subset 
Gp.Q C G does not depend on P. 

Proof. This follows immediately from Theorem IA.5I and Lemma IA.17I □ 

A. 19. Remark. We do not expect that the conclusion Lemma [A. 171 holds for an 
arbitrary held F. We wonder whether the equality sat(Gp;G)'^ = Gp.Q always holds. 

Appendix B. On a theorem of Harish-Chandra 

The goal of this section is to explain the proof of the following result, usually 
attributed to Harish-Chandra. 

Theorem B.l. Let F be a local non-archimedean field of characteristic zero, and 
let h G PL{G)g be such that 0^{h) = 0 for every 7 G G’"®®. Then h = 0. 

B. 2. The Lie algebra analog. Let g be the Lie algebra of G, equipped with the 
adjoint action of G, and let h G ^-{ 2)0 be such that Ox{h) = 0 for every x G g’’®®. 
Then the original theorem of Harish-Chandra f |HCl Thm 3.1]) asserts that h = 0. 














GEOMETRIC APPROACH TO PARABOLIC INDUCTION 


27 


The goal of this section is to deduce Theorem IB. II from its Lie algebra analog. 

B.3. G-domains. (a) Let X be a smooth analytic variety over F equipped with 
an action of G, let 'H(X) be the space of locally constant measures with compact 
support (see 13.dh and let 'H{X)g be the space of G-coinvariants. 

(b) By a G-domain in X we mean an open and closed G-invariant subset U G X. 
Then C 'H(X) is a G-invariant subspace, and the map h i—)■ ![/ ■ h is a G- 

equivariant projection 'H(X) —)■ 'H{U). Taking G-coinvariants, we get an inclusion 
'H{U)g ^ V-{X)g and a projection V.{X)g ^ V-{U)g C H{X)g : h ^ h\u. 

Lemma B.4. Let f : X ^ Y be a proper, surjective G-equivariant local isomor¬ 
phism between smooth analytic varieties. Then the pullback map f* : 'H(Y)g 
'H{X)g (see \3.5\f b)) is injective. 

Proof. For every m G M, we denote by Ym C Y the set of all ?/ G X such that 
the cardinality of f~^{y) is m. The assumptions on / imply that every Y^ C Y 
is a G-domain, and that Y is the disjoint union of the Y^s. Then every Xm '■= 
f~^(Ym) C X is a G-domain as well, and it suffices to show that the induced 
map f* ; 'HfYmjc —t 'H{Xm)G is injective. Since for every h G POYm) we have 
f\f*{h) = mh, we are done. □ 

Proof of Theorem IB.il We carry out the proof in five steps. 

Step 1. There exists a G-domain G 3 1 in G such that h\u = 0. 

Proof. Observe first that there exist G-domains u 3 0 in g and G 3 1 in G such that 
the exponential map induces an Ad G-equivariant analytic isomorphism e : u ^ G. 
Namely, if G = GL„ the assertion is straightforward, and the general case follows 
from it. 

We claim that this G satisfies the required property. Indeed, consider the pullback 
h' := e*{h\u) G PL{u)g C 'H{q)g- It suffices to show that h' = 0. For x G 0 ’’®® we 
have Ox{h') = 0 if t ^ u, since h' G Pi{u)G-i and O^ih') = 0^(3,)(h) = 0 if a; G u by 
our assumption on h. Then G = 0 by |HC1 Thm 3.1] (see IB.2p . □ 

Step 2. For every s G Z[G) there exists a G-domain G 3 s in G such that 
h\u = 0. 

Proof. Since the map g ^ gs : G ^ G is Ad G-equivariant, the assertion follows 
from the s = 1 case shown in Step 1. More precisely, if G 3 1 is the G-domain 
constructed in Step 1, then sU 3 s is the G-domain such that h\u = 0. □ 

Step 3. For every semisimple s G G \ Z(G) there exists a G-domain G 3 s in G 
such that h\u = 0 . 
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Proof. Let H ;= G° be the connected centralizer. Then H C G, and by induction, 
we may assume that Theorem IB.ll is valid for H. 

Let C H and C Ch be the open subschemes defined in ll.2f bL 

let z/h : —)■ be the Chevalley map (see ll.lf alL and we denote by 

uh '■ —)■ the induced map on F-points (compare I3.8p . Note that 

H c G is an equal rank subgroup, and s G (see [ISl). 

Choose an open and closed neigbourhood V C of lynis), and set U' := 

^ c H. Then U' G H is a iL-domain, so we can form the induced 

space Ind^(17') (see I3.7p and the G-equivariant morphism aH,G ■ lHd^(t/') —)■ G : 
[g,x] HA gxg~^ fcompare ll.df cl). 

Then oh^g is a local isomorphism because oh.g • IndH(H’'®s/‘^) ^ G is etale (see 
Corollary 12.bp . and or^g is proper because both maps 7rH,G : ch —t cg fsee ll.lf b)) 
<-H,G : Ind§(H''®§/‘^) —)■ G Xcq (see Corollary II.lip are finite. Therefore 

U := Im/ is a G-domain containing s, and we claim that h\jj = 0. 

By Lemma [B.41 the induced map a*jjQ : 'H{U)g —^ 'H(Ind^(t/'))G is injective. 
Let 0 : 'H{U)g 'H{U')h be the composition of and the isomorphism : 
T-iihi<l%{U'))G ^ PiiU'iH from ld.Tf cL Then 6 is iniective, it remains to show that 
h' := 0(h|c/) G 'H{U')h G H{H)h is zero. 

Since Theorem IB.ll is valid for if, it suffices to show that i^.y{h') = 0 for all 
7 G This is clear for 7 0 f/', since h' G 'H{U')h- Next, for every 7 G f/' fl G'’®® 
we have 0.y{h') = 0.y{h) = 0 by the assumption on h. This shows that 0.y(h') = 0 
for all 7 G ;= iL n G’’®®. 

Finally, since S n i/G-rss 5 * p| f/rss is dense for every maximal torus S C H, the 
equality 0.y(h') = 0 for every 7 G FT’’®® now follows from Ib.lUl □ 

Step 4. Let f/ C G be a G-domain, and let g = suhe the Jordan decomposition 
of 5 ^ G G. Then g E U is and only if s G f/. 

Proof. Set H := G°. It suffices to show the closure of the AdiF-orbit of u contains 
1, hence the closure of the AdG-orbit of g contains s. 

Since m is a unipotent element of FF, the Zariski closure of the AdH-orbit of u 
contains 1. Hence the assertion follows from a theorem of Kempf [KeP Cor. 4.3]. □ 

Step 5: Completion of the proof. By Steps 3 and 4, for every g E G there 
exists a G-domain U 3 g in G such that h |;7 = 0. From this the assertion follows. 
Indeed, choose a lift h E Pi{G) of h, and let FF C G be the support of h. Since 
K is compact, there is a finite collection of G-domains UiG = 1,... ,n such that 
K G UjGj and each hi := h\u. is zero. Moreover, replacing Uj by Uj \ {G}{zlUi) we 
can assume that the Ufs are disjoint. Then h = X]r=i = 0. □ 
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